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Abstract Let (S, d, p) be the affine group M n ix M + endowed with the left-invariant Rie- 
mannian metric d and the right Haar measure p, which is of exponential growth at infinity. 
In this paper, for any linear operator T on (S, d, p) associated with a kernel K satisfy- 
ing certain integral size condition and Hormander's condition, the authors prove that the 
following four statements regarding the corresponding maximal singular integral T* are 
equivalent: T* is bounded from to BMO, T* is bounded on LP for all p £ (1, oo), T* is 
bounded on LP for some p £ (Loo) and T* is bounded from L 1 to L 1,0 °. As applications 
of these results, for spectral multipliers of a distinguished Laplacian on (S, d, p) satisfying 
certain Mihlin-Hormander type condition, the authors obtain that their maximal singular 
integrals are bounded from to BMO, from L 1 to L 1,co , and on L p for all p £ (1, oo). 
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1 Introduction 

Let S be the affine group ]R n >< ]R + endowed with the product 

(x, a) ■ (x , a) = (x + ax , aa) V (x, a), (a/, a) £ 5. 

We call S an ax + b -group. Clearly, e = (0,1) is the unit of S. The inverse of any 
(x, a) £ S, denoted by (x, a) -1 , is equal to (—x/a, 1/a). We endow S with the left-invariant 
Riemannian metric ds 2 = a~ 2 {dx\ + • • • + dx\ + da 2 ), which induces the following distance 
function d on S x S: 

d({x, a), {x',a')) = cosh' 1 ( a2 + a ' ± l g ~ | y (x, a), (a/, a') £ 5; (1.1) 
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see, for example, [1, formula (2.18)] or [24, pp. 119-120]. The left Haar measure induced 
by the above left-invariant Riemannian metric is d\(x, a) = a~ n ~ 1 dxda. A standard cal- 
culation yields that the group modular function 5{x, a) is equal to a~ n , and hence the right 
Haar measure is 

dp(x,a) = 5(x,a)~ 1 d\(x,a) = a _1 dxda. (1.2) 

Throughout the whole paper, we work on the triple (S, d, p), namely, the group S endowed 
with the left-invariant Riemannian metric d and the right Haar measure p. For all (x, a) G S 
and r > 0, we define the ball B[(x, a), r) on S by 

B{(x, a), r) = {(x, a') G S : d((x, a), (x , a')) < r} . 

For any p G (0, oo], let IP be the space of all measurable functions / on (S, d, p) satisfying 

II/IIl^{^|/(x)| p ^(x)} 1/P <oo, 

with a usual modification made when p = oo, and let L p '°° be the space of all measurable 
functions / on (S, d, p) satisfying 

H/lli,.- = sup {a [p({x G S : |/(x)| > a})] 1 ^} < oo. 

a>0 ) 

Denote by the set of functions in L°° with compact support; and by L^ the set of 
functions / in such that J s f dp = 0. Let L\ oc be the set of locally integrable functions 
on S (with respect to the measure p). 

It is well known that the space (S, d, p) is of exponential growth at infinity, namely, 




if r < 1, 
if r > 1; 



see, for example, [24, 32]. Harmonic analysis on exponential growth groups including 
the space (S, d, p) currently attracts a lot of attention. In particular, efforts have been 
made to study the Hardy-Littlewood maximal function (see [11, 8]), Riesz transforms (see 
[27, 10, 9, 26]), spectral multipliers related to a distinguished Laplacian (see [3, 5, 16, 15, 
14, 24, 32, 34]). 

In 2003, Hebisch and Steger [16] introduced the notion of C alder on- Zygmund spaces, 
and developed a variant of the Calderon-Zygmund theory of singular integrals on Calderon- 
Zygmund spaces, which can be applied to the ax + b -groups. Precisely, a space M en- 
dowed with a metric d and a Borel measure p is said to have the Calderon-Zygmund 
property if there exists a positive constant C such that for every / G L 1 (p) and each 
a > C\\f\\ L \^/ p{M), there exist a decomposition / = g + J2i ^ se ^ s {Qi}i C M, positive 
numbers {r{\i and points {xi}i C M such that for all i, 

(i) supp bi C Qi and J M bi dp = 0, 

(ii) HsIU°°(m) < Ca and £\ \\bi\\ L i M < C\\f\\ L i M , 

(iii) Qi C Bfa, Cn) and £ 4 p(Q*) < C\\f\\ L i {fl) /a, where Q* = {x G M : d{x, Qi) < n}; 
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see [16, Definition 1.1]. Hebisch and Steger [16, Theorem 1.2] further proved that, for any 
C alder 6n-Zygmund space (M, d,p), if T = Ylj^z ^0 * s bounded on L 2 (p) and if there exist 
positive constants c 6 (0, 1), C, a and 6 such that 

/ |^(x,y)|(l + ^(x,y)) a (i/i(x) < C Vy G M, (1.3) 

JM 

and 

/ <C(d>d(y,z)) b Vy,zeM, (1.4) 

then T is of weak type 1 and bounded on LP(p) for all p 6 (1,2]. 

Obviously, spaces of homogeneous type in the sense of Coifman and Weiss [4] enjoy 
the Calderon-Zygmund property. An example of Calderon-Zygmund spaces, which is not 
a space of homogeneous type, is (S,d,p) (see [16, Lemma 5.1]). In fact, each integrable 
function / on (S, p) at any level a > can be decomposed into a sum g + ^ 6, as above, 
where every 6j is supported on a set Ri which belongs to a suitable family 1Z of sets in 
S: these sets are not balls because of the exponential growth of the space, but suitable 
"rectangles" in M. n x M + . More precisely, for any R G 1Z, there exists a positive r# such 
that R is contained in a ball of radius comparable to and the measures of R and its 
dilated set R* = {x G S : d(x,R) < tr} are comparable. The elements in 1Z are called 
Calderon-Zygmund sets on (S,d,p). As an application of the aforementioned Calderon- 
Zygmund theory of singular integrals, spectral multipliers associated with a distinguished 
Laplacian A on (S, d, p) which satisfy certain Mihlin-Hormander type condition are of weak 
type 1 and bounded on LP for all p G (1, oo) [16, Theorem 2.4]. Miiller and Thiele [24] 
re-obtained the multiplier results of [16] by considering estimates of the wave propagator 
associated with A. 

A reformulation of Hebisch-Steger [16, Theorem 1.2] on (S,d,p), using a condition of 
Hormander's type, is as follows: if T is a linear operator which is bounded on L? and 
admits a locally integrable kernel K off the diagonal satisfying that 

sup sup / \K(x,y) — K(x, z)\ dp(x) < cc, (1-5) 
R&TZy, zeR Js\R* 

then T is bounded from L 1 to L 1,oc and on LP for all p G (1, 2]; see [34] for the details and 
see also [29, 13] for the Euclidean case. For the endpoint case, Vallarino [32] developed an 
H 1 — BMO theory on (S,d,p), and proved that singular integrals whose kernels satisfy 
the condition (1.5) are bounded from H 1 to L 1 and from L°° to BMO . As an applica- 
tion, spectral multipliers associated with a distinguished Laplacian A which satisfy certain 
Mihlin-Hormander type condition are bounded from H 1 to L 1 and from L°° to BMO (see 
[32, Proposition 4.2]). Moreover, Sjogren and Vallarino [27] considered H 1 — L 1 bounded- 
ness of various Riesz transforms associated with A. In [35], the Calderon-Zygmund theory 
of [16] is generalized to Damek-Ricci spaces. 

In this paper, we study the boundedness of maximal singular integrals on (S, d, p). The 
importance of results in this direction is well known, and comes from the fact that they 
imply pointwise convergence results (see, for example, [13] and, in particular, [13, Theorem 
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2.1.14]); see also Stein-Weiss [30, p. 60, Theorem 3.12] or Stein [28, p. 42, Theorem 4]. 
Recall that in the Euclidean setting, the maximal singular integral T* associated with a 
kernel K is defined, for all suitable functions / and all x in IR n , by 



T*f(x) = sup 

e>0 



K(x,y)f(y)dy 

\x-y\>e 



An alternative but equivalent way of expressing this operator T* is 



T*f{x) = sup 

BcR n ,BBx 



K(x,y)f(y)dy 

n \2B 



where the supremum is taken over all Euclidean balls in W 1 containing x. 

In view of this observation, in the space (S, d, p), we define the maximal singular integral 
T* associated with a kernel K as 



T* f(x) = sup 

Ren, rbx 



K(x,y)f(y)dp(y) 

S\R* 



VieS, (1.6) 



where / £ and the supremum is taken over all Calderon-Zygmund sets R £ 1Z con- 
taining x; see Section 4 below for more details. 

The main aim of this paper is to prove that, for T* , defined as in (1.6), and associated 
with a kernel K that satisfies an integral size condition and Hormander's condition (see 
(4.1) and (4.2) below), the following four statements are equivalent: 

(i) T* is bounded from Lf to BMO ; 

(ii) T* is bounded on LP for all p £ (l,oo); 

(iii) T* is bounded on LP for some p £ (1, oo); 

(iv) T* is bounded from L 1 to L 1,oc ; 

see Theorem 4.1 below. Moreover, if T is further assumed to be bounded on L? , then the 
above boundedness (i) through (iv) hold for T*; see Theorem 4.2 below. 

The proof of the main results of the paper, namely, Theorems 4.1 and 4.2, are presented 
in Section 4. The main ingredients used in the proof are the Calderon-Zygmund property 
of (S, d, p) and certain Fefferman-Stein weak type inequalities related to the local sharp 
maximal functions in the sense of John [20], Stromberg [31] and Jawerth-Torchinsky [19]; 
see Propositions 3.1 and 3.2 below. The proof of the aforementioned Fefferman-Stein 
type inequalities relies on the existence of certain "dyadic" sets on (S,d,p), which are an 
analogue of the Euclidean dyadic cubes and were constructed in [22]; see Lemma 2.2 below. 
We remark that the proof of Theorem 4.1 invokes some ideas of [18] and Grafakos [12]. 

Some applications are given in Section 5. Precisely, for certain class of spectral multipli- 
ers for the distinguished Laplacian A we prove in Theorem 5.1 below that the corresponding 
maximal singular integral operators are bounded from to BMO , from L 1 to L 1,oc and 
on LP for all p £ (l,oo). The main difficulty in proving Theorem 5.1 is to show that the 
kernels of such spectral multipliers satisfy the integral size condition (4.1), which requires 
very delicate estimates (see Proposition 5.1 below). 

Our paper is organized as follows. A brief recall of the geometric properties of S and 
the Calderon-Zygmund property is presented in Section 2. In Section 3, we establish the 
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Fefferman-Stein (weak) type inequalities related to the local sharp maximal functions on 
S. The whole Section 4 is devoted to the proof of Theorems 4.1 and 4.2, which are the main 
results of the paper. Finally, an application to the spectral multipliers for the Laplacian 
A is studied in Section 5. 

We make some conventions on notation. Let N = {0, 1, 2, • • • } and R + = (0, oo). For 
any space X and any subset E of X, set = X \ E and let xe denote the characteristic 
function of E. Denote by C a positive constant independent of the main parameters 
involved, which may vary at different occurrences. Constants with subscripts do not change 
through the whole paper. We use / < g to denote / < Cg. If / < g < /, we write f ~ g. 
For an operator T defined on the Banach space A and taking values in the Banach space 
B, we use ||r||^4_ 5 .g to denote its operator norm. 

2 Preliminaries 

We recall the notion of Calderon-Zygmund sets, which appears in [16] and implicitly in 
[11]. Let Q be the collection of dyadic cubes in M. n . 

Definition 2.1. A Calderon-Zygmund set is a set R = Q x [ae~ r , ae r ), where Q £ Q with 
side length L, a £ R + , r > and 

e 2 ar < L < e 8 ar if r < 1; ae 2r < L < ae 8r if r > 1. 

Set a R = a, r R = r and x R = (cq, a), where cq is the center of Q. Denote by 7£ the family 
of all Calderon-Zygmund sets on S. For any x £ S, let 7£(x) be the collection of all R £ 1Z 
containing x. 

The following lemma presents some properties of the Calderon-Zygmund sets (see [16, 
32]). 

Lemma 2.1. There exists kq £ [1, oo) such that for all R £ 1Z, the following hold: 

(i) B(x R ,r R ) C R C B(x R ,K r R ); 

(ii) p(R*) < kqp(R), where R* = {x £ S : d(x,R) < r R } is the dilated set of R £ 7£; 

(iii) every R £ 7£ can 6e decomposed into mutually disjoint sets {Ri}^ =1 C 7£ urai/i k = 2 
or k = 2 n such that R = U^ =1 i?j and p(R{) = p(R)/k for alii £ {1, ■ ■ ■ , 

Using the geometric properties of the Calderon-Zygmund sets, the authors, in [22], 
constructed certain "dyadic" sets on (S,d,p), which are analogues of the Euclidean. 

Lemma 2.2. There exists a sequence {T>j}j^z such that each T>j consists of pairwise 
disjoint Calderon-Zygmund sets, and 

(i) for any given j £ Z, S = U Re x^i?; 

(ii) if i<k, R£T> e and R' £ V k , then either R C R' or RnR' = 0; 

(iii) for any given j £ Z and R £ Vj, there exists a unique R' £ Vj + \ such that R C R' 
and p(R') < max{2 n , 3}p(R); 
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(iv) for any j G Z, every R G Pj can 6e decomposed into mutually disjoint sets {R{}^ =1 C 
Vj-i with k = 2 or k = 2 n such that R = U* =1 Ri and p(R)/2 n < p(Ri) < 2p(R)/3 
for all i G {1, • • • , k}. 
From now on, we set T> = {T>j}j£%. 

Hardy-Littlewood maximal functions on groups with exponential growth have been 
investigated in a series of works; see, for example, [8, 11, 33]. For any / G L\ oc , we define 
the Hardy-Littlewood maximal function Mf and the dyadic Hardy-Littlewood maximal 
function Muf respectively by the formulae 

Mf(x)= sup -L- f \f\dp VxgS, (2.1) 
R&n{x) P[ u ) Jr 

and 

Mvf{x)= sup J— [ \f\dp VxeS. (2.2) 

R£R{x),ReD P\ u ) JR 

The maximal function j\A has the following boundedness properties [33]. 

Proposition 2.1. A4 is bounded from L 1 to L 1,0 ° , and on LP for all p £ (l,oo]. 

From (2.1), (2.2) and the differentiation theorem for integrals, it follows that 

f(x) < Mvf(x) < Mf{x) V / € L\ oc , almost every x e S. 

Thus, the operator j\At> is bounded from L 1 to L l,oa and for any p £ (l,oo], 

\\Mv(f)\\Lv^\\f\\L^\\M{f)\\ L v Vf€LP. 

It was proved in [16, Lemma 5.1] that (S,d,p) possesses the Calderon-Zygmund prop- 
erty. Indeed, the boundedness properties of Mx> an d the differentiation theorem for inte- 
grals, together with Lemma 2.2 and a standard stopping-time argument, imply the follow- 
ing dyadic version of the Calderon-Zygmund property; see also [32, Proposition 2.4]. 

Proposition 2.2. Let f G L p with p G [l,oo). For any a > 0, there exists a sequence of 
disjoint sets, {Ri}i G T>, such that f can be decomposed into f = g + ^ bi, where 

(i) \g(x)\ < C\a for almost every x G S; 

(ii) for all i, supp&,; C Ri G V and f s bidp = 0; 

(iii) for all i,a< \f\r dp} 1 /? < da; 

(iv) for alii, \\bi\\ L P < CMpiRi)] 1 ^ , 

where C\ is a positive constant independent of a and f. 

Remark 2.1. If / G L°°nL p for some p G [1, oo) and / = g+J2i bi is a Calderon-Zygmund 
decomposition of / obtained as in Proposition 2.2, then ||g||_L°° < Moreover, if 

J s f dp = 0, then f„ gdp = 0. 
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3 Fefferman— Stein Type Inequalities 

The local maximal functions in Euclidean spaces were introduced by John [20] and later 
investigated by Stromberg [31], Jawerth-Torchinsky [19] and Lerner [21]; see also [18] for 
the setting of spaces of homogeneous type. Following this pioneering work, we introduce 
the local maximal functions on (S,d,p). 

Definition 3.1. (i) The non-increasing rearrangement of a measurable function / on 
(S, d, p) is defined by 

/*(£) = inf{t > : p({x G S : |/(x)| >*})<£} V £ G (0,oo). 

(ii) Let s G (0, 1) and T> be the family of dyadic sets. For any / G L \ , its local maximal 
function Aio. s f is defined by 

M ,sf(x)= sup (f XR )* {sp(R)) Vx€S, 

and its dyadic local maximal function A4q ' s f is defined by 

Ml s f{x)= sup (fxR)*{sp(R)) VxgS. 

Some properties of these local maximal operators are presented in the following lemma. 

Lemma 3.1. For any f G L\ oc , the following hold: 

(i) for all s G (0, 1) and x G S, Mq J{x) < M$ )S f(x); 

(ii) ifO < si < s 2 < 1, then Mo jS2 f(x) < M^ Sl f(x) for all x G 5; 

(iii) for all s G (0, 1) and x G S, M®J(x) < s~ l Mvf{x); 

(iv) for all s G (0, 1) and all measurable functions f\ and fi, 

Ml s (h + h)(x) < Ml s/2 (h){x) + Ml s/2 (f 2 )(x) VxeS. 

(v) Properties (ii)-(iv) hold with M.'q s and Mt> replaced by Mo tS and M., respectively. 

(vi) For all s G (0, 1), A G (0, oo) and f G L\ oc , 

{xeS: Mv(X{\f\>\})(x) > s} C {x G S : M%J(x) > A} 

C {x G S : Mv(X{\f\>X})(x) > s}. 

Consequently, 

p({x G S : |/(x)| > A}) < p({x G S : M^Jix) > A}) 

< \\Mv\\l^l^s~ 1 P ({x G S : \f{x)\ > A}). 
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(vii) Similarly, 

{xeS: M(x{\f\>xy)(x) > c {x e S : M , s f(x) > A} 

C{xeS: M( X{ \f\ > x } )(x)>s}, 

and 

p({x G 5 : > A}) < p({x G 5 : .M , s /(z) > A}) 

< WMW^iA^pdxeS: \f(x)\ >A}). 

Proof. Properties (i) and (ii) follow from the definition of M~q s - For all R G 7£(x) n T>, 

p{{y G 22 : |/(y)| > s" 1 ^/^)}) < ^ pr^j^L) ^) < 

therefore, (iii) holds. Property (iv) follows from an argument similar to the one used in 
[18, Lemmas 2.2], while (v) is proven as (i)-(iv). Finally, proceeding as in the proof of [18, 
Lemmas 2.3] yields (vi) and (vii). □ 

Next, we recall the notion of the median value; see [31] for the Euclidean setting. 

Definition 3.2. Suppose that / is a real function in Lj and R G 7Z. A median value 
rrif(R) of / over R is defined to be one of the real numbers satisfying 

p({x G R : f(x) > m f (R)}) < p(R)/2, 

and p({x G R : f(x) < m/(2?)}) < p(R)/2. In the case when / is complex, define 

m f (R) = m m) (R) +imc 5{f) (R), 

where and ^s(f) denote, respectively, the real part and the imaginary part of /. 

In the following lemma we show an analogue of the inequality proved by Jawerth and 
Torchinsky in [19, p. 238], which will be used in the proof of "good- A" inequalities in Lemma 
3.5 below. 

Lemma 3.2. Let f G L\ oc and ReTZ. Then 

\m f (R)\ < v^inf {t > : p{{y G R : \f(y)\ > t}) < p(R)/2}. (3.1) 
Consequently, for all s G (0, 1/2] and R G T>, 

\m f (R)\ < V2 mfM^ fix) < V2 in! ; M% 8 f(x). (3.2) 

v C- he > ' y d hi 
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Proof. We first show (3.1). If / is real and m,f(R) > 0, then for all e G (0,m/(i?)), 

p({y e « : |/(y)| > m f (R) - e}) > p({y G : /(y) > m f (R)}) > p(R)/2, 

which implies that 

wf{t > : p({y G R : |/(y)| > *}) < p{R)/2] > m f (R) - e. 

Letting e — > yields 

inf {t > : p{{y G i? : |/(y)| > t}) < p{R)/2] > m f (R). (3.3) 

If / is real and rrif(R) < 0, applying the above argument to — / and — irif(R), we also 
obtain (3.3). 

For any complex function /, we have 

\m f (R)\ 2 = \mx f (R)\ 2 + |m s/ (i?)| 2 < 2 max{ | m Uf (R) \ 2 , Im^iR)^}. 

Without loss of generality, we may assume that \msRf(R)\ < \rriQf(R)\. Then, by (3.3), 

\m f (R)\ < V2\m^ f (R)\ < V2inf {t > : p({y G R : \5f(y)\ > t}) < p{R)/2) 

< V2M{t > : p({y G R : |/(y)| > t}) < p(R)/2}. 

This proves (3.1). The inequalities (3.2) easily follow from the definition of M^i^ an d 
Lemma 3.1(h). □ 

Vallarino [32] introduced the space BMO of functions with bounded mean oscillation 
on (S, d, p) as follows. For any / G L \ QC and R G 1Z, set /# = J R f dp; the function / 
is said to be in BMO if 

ll/ll BMO = SUp —3— I \f - f R \ dp < OO. 
R&Tl P{R) JR 

For any q G (0, oo) and / G L\ QC , set 

m ™' s !&{-mJ* v - M *'} 1 ''- 

It was proved in [32, Section 3] that for any q G (l,oo), there exists a positive constant C q 
such that for all / G L \ oc , 

< ll/ll BMO < C q \\f\\ BMO,- (3.4) 



n nJ ii BMO, 

It turns out that (3.4) also holds for q G (0, 1). This is proved in the following lemma, 
using some ideas of [23]. 
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Lemma 3.3. For any a G (0,1) there exists a positive constant C a , which depends only 
on a, such that for all f G L-j , 



where 



BMO < 11/11*, <t < 



sup inf { — 3— 



BMO, 



< 



BMO 



(3.5) 



\f{x)-c\°dp{x) 



l/a 



Proof. The third inequality of (3.5) follows from Holder's inequality, while the second 
inequality of (3.5) follows from the definitions of || • ||* )(T and || • ||bmo ct - 

To prove the first inequality of (3.5), we fix / G L\ oc . Suppose that ||/||*,o- < °o; 
otherwise there is nothing to prove. For any R G 7Z, by the local integrability of / and the 
dominated convergence theorem, we have that {^^y J R \f — c \ a dp} 1 ^ is continuous with 
respect to c and it tends to infinity as |c| — > oo. Thus, for any fixed R G 1Z, there exists a 
certain A R G C such that 



inf 

cGC 



\p(R) 



J r 1/ - «T i^" = {^nJ R \f- M° <tr} 1 " < 11/11,.. (3.0) 

For all R! G 1Z, by (3.6) and the fact that \a a — b a \ < \a — b\ a for all a, b G (0, oo), we have 



l/a 



p(R 

which implies that 



||Z A/l| I) g M Q — ^ | | J 



(3.7) 



For all a, 6 G (0, oo), we have (a + b) l / a < 2 1 /' 7 " 1 [a 1 /' 7 + b 1 /"] , which together with (3.6) 
yields that for all R G 1Z, 



lT)f R "- A « idp = W)L {U - ARnl '° Mx 

1 



p(R) 



p{R) 



R 



\m-M a 



p(R) 



\f(y)-A R rdp(y) 



l/a 



dp(x) 



1 



_p(R) 



\f{y)-A R \°dp{y) 



l/a' 



^i?rilBM0 1/CT 



Observe that (3.4) and (3.7) imply that 



l/a 



A 1°" II 

A R\ II BMO i 



l/a 



< c 



l/a\ 



+ 



A R \ a 



R\ || BMO 



) VCT < (2C 1/ff ) 



l/a 



where Ci/ a is as in (3.4). Applying this estimate, we see that 

m L u ~ M - m L u ~ M dp - 2l " l(2Ci " 



A /a 



+ 
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By taking the supremum over all R G 1Z we obtain ||/||bmo % ||/||*,o-, which completes 
the proof. □ 

Now we introduce the (local) sharp maximal functions on (S,d,p); see [13, 29, 31] 
for their definitions in the Euclidean setting and [18] for their definitions in spaces of 
homogeneous type. 

Definition 3.3. (i) For any / G L\ oc , its sharp maximal function /" is defined by 

ft( x )= sup J_ f \f(y)-f R \dp(y) VxeS. 
Ren(x) PK K ) Jr 

(ii) Let s G (0, 1). For any / G L\ oc , its local sharp maximal function Mq s f is defined by 
M*f{x) = sup inf {{S-c)xmT{s P {R)) V x G S. 

The following lemma summarizes some properties of the (local) sharp maximal functions 
on (S,d,p). The proofs are easy and hence omitted; see [13, 31, 18, 19]. 

Lemma 3.4. Let f,g£ L\ oc . Then, for all x £ S, 

(i) fK x ) - 2 -M/(x)> where M is defined in (2.1); 

(ii) \f\i(x) < 2/»(x) and (f + gf(x) < /»(x) + ${x); 

(iii) p(x)/2 < sup mn{x) inf a6C J R \f(y) - a\ dp(y) < p(x); 

(iv) when s G (0,1), M*J{x) < Mo, s f(x) and M* f(x) < s~ 1 f*(x), where Mq )S is 
defined in (3.1); 

(v) if s £ (0, 1/2] and R G 11, then 

p({y G R ■■ \f(y) ~ m f (R)\ > 2V2 inf M*J(x)}) < sp(R). 

x£R ' 

For any p G (1, 00) and s G (0, 1), an immediate consequence of Lemma 3.4 (i) and (iv) 
and the L p -boundedness of A4 is that for all / G L p , 

\\Mtj\\ LP <2s- 1 \\M\\ LP ^L4f\\L P ; (3.8) 

Lemma 3.4(iv) and Lemma 3.1(vii) also imply that for all / G 

\\M*J\\ LP ,~ < ||M||^ iao (3.9) 

Indeed, the converses of (3.8) and (3.9) hold for small s. To see this, we need the following 
certain kind of "good-X" inequalities involving the dyadic local maximal function and the 
local sharp maximal function. 

Lemma 3.5. Let < s±, S2 < \. Then, there exists a positive constant C2 depending only 
on S such that for all f G L\ oc and all A > 0, 

p({x G S : Ml s J(x) > 3A, M* s J(x) < A/4}) 
< C 2 s7 1 s 2 p ({x G S : M% 8 J{x) > A}) . 
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Proof. Take A > and set Q\ = {x G S : Wq s f(x) > A}. We may assume that p(£l\) < 
oo, otherwise there is nothing to prove. For any fixed x G Q\, there exists a "maximal 
dyadic cube" R x G T> containing x such that 

inf {t > : p({y G : > <}) < > A. (3.10) 

Here "maximal dyadic cube" means that if R' G T> PI 7£(x) satisfies (3.10), then i?' C 
Such a "maximal dyadic cube" exists since R x C £1^ and p(£l\) < oo. Let {i?j} je / be 
the collection of all such "maximal dyadic cubes" obtained by running x over From 
the maximality, it follows that any two "maximal dyadic cubes" are disjoint. Moreover, 
il\ = L)j£iRj. Therefore, to show Lemma 3.5, it suffices to prove that there exists a 
positive constant C 2 such that for all j G /, 

p {[x G Rj : Ml s J(x) > 3A, M* s J{x) < A/4}) < C 2 s^ 1 s 2 p(R j ) . (3.11) 

Fix j G /. We may assume that there exists xo G Rj such that j ~{xq) < A/4; 
otherwise (3.11) holds trivially. Suppose that Rj G T>j for some jo G Z. Using Lemma 
2.2(iii), we take Rj to be the unique Calderon-Zygmund set in fj +i that contains Rj. 
Then, p(Rj) < max{2 n , 3}p(Rj). By the maximality of Rj and (3.10), we have 

inf {t > : p({y G ^ : \f(y)\ > t}) < s lP (Rj)} < A. (3.12) 

From this and Lemma 3.2 together with the hypothesis s± < 1/2, it follows that 
\m f {Rj)\ < V2M{t > : p({y G Rj : \f(y)\ > t}) < p(R 3 )/2} < v^A. 

Thus, 

Ml sl/2 (m f (Rj) XR .)(x) < \m f (Rj)\ < V2\. 
If S1 (f)(x) > 3A, then by (3.12) and the definition of Rj, we have 

M% Sl (fxn.)(x)=M'E >Sl (f)(x)>3\. 
So applying Lemma 3.1(iv) yields that for all x G Rj satisfying A4q ' s (f){x) > 3A, 

> M Zi (fXMj) (*) ~ M^ /2 (m f (Rj)x Rj ) (x) > A. (3.13) 

By using (3.13), Lemma 3.1(vi), -A / 1q S2 /(xo) < A/4 and Lemma 3.4(v), we obtain 

p ({* G Rj : Ml a J{x) > 3A, M*J(x) < A/4}) 
< p {{x G Rj : Ml Si/2 ((/ - m/(^))x5,) (*) > a}) 
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< 2||M|| L i_> £ i,,»*r 1 p ({ x G : \f( x ) - m f(Rj)\ > a}) 

< 2\\M\\ L i^, OB s?p(^x G Rj : \f(x)-m f (R J )\ > 2^2 inf M* s J(z)^ 
<2\\M\\ L i^ L i.. oS^ l s 2P (R j ). 

Hence, (3.11) holds with C 2 = 2max{2 n ,3}||.M|| L i^ L i,oo. This finishes the proof. □ 

Applying the previous "good-A" inequality, we prove the following Fefferman-Stein type 
inequality. 

Proposition 3.1. Let po G (0, oo) and C 2 be as in Lemma 3.5. Then, for any p G (po,oo) 
and s G (0,1/2] satisfying s < (2 2 3 P C 2 )~ 1 , there exists a positive constant C such that 

\\f\\ L p < C\\M*J\\ LP V / G Z7°>°°. 
Proof. Fix / G L Po '°° . For any N G N, set 

In = ^ P ({x G 5 : M£ 1/2 /(a:) > a}) pA^dA. 
Then, Lemma 3.1(vi) and p > po imply that In < oo. Applying Lemma 3.5 yields that 

I N = 3 P / pA^p M^ 1/2 f(x) > 3A}) dA 

< 3 P J pX p ~ l p ({x G S : M% 1/2 f(x) > 3A, X^ )S /(x) < A/4}) dA 

/■AT 

+ y pA p "V -M5 >8 /(z) > A/4}) d\ 

< 3 p 2C 2 s J pX- x p {[x G S : M% 1/2 f(x) > a}) dX + 3^||M» jS /||^ 

< ^2^ + 3^11^^/11^. 

Since s < (3 P 2 2 C2) _1 , we have Lv < ll-^o s/lli?- Letting N oo and using Lemma 
3.1(vi), we obtain ||/||lp < \\M'fi 1 , 2 f\\LP < which completes the proof. □ 

The corresponding weak-type Fefferman-Stein inequality is the following. 

Proposition 3.2. Let po G (0, oo) and C 2 be as in Lemma 3.5. Then, for any p G |po,oo) 
and s G (0,1/2] satisfying s < (2 2 3 p C 2 )~ l , there exists a positive constant C such that 

LP ,<~ <c\\mIj\\ L p,°° v/gl^ 00 . 



14 



Liguang Liu, Maria Vallarino, and Dachun Yang 



Proof. For any N G N, set In = sup 0<A<3N A p p({x G S : Ai^ 1 , 2 f(x) > A}). Combining 
Lemma 3.1(vi) with / G L po '°° and p > po implies that In < oo. Thus, by Lemma 3.5, 



I N = 3 P sup X p p(\xeS: M% 1/2 f(x) > 3A) 

< 3 P sup A*p (|x G S : M$ 1/2 f(x) > 3A, M» s /(x) < A/4)) 

0<A<JV v L ' ' > ' 

+3 P sup X p p (\x eS: Ml J(x) > A/4)) 

< 2sC 2 3 p sup A p p ({x€S: M% 1/2 f(x) > \\) + 3 p A p \\Mlj\\ 

0<\<N v L ' J ' 

<s2$>C 2 l N + &4P\\Ml a f\\ p If , OB . 



Since In is finite, the assumption s < (2 2 3 P C*2) 1 implies that In < ||A4q Hlp. 00 • Letting 
N — > 00 and using Lemma 3.1(vi) yield the desired conclusion. □ 

Remark 3.1. A Fefferman-Stein inequality involving the sharp maximal function also 
holds. More precisely, let po be in (l,oo). Then for any p G (po,oo), by Lemma 3.4(iv) 
and Proposition 3.1, 



LP 



<C||/*||lp V/gL P0 '°°. (3.14) 



As we shall see, such a Fefferman-Stein inequality is not enough for the proof of Theorem 
4.1 below. This explains why we studied Fefferman-Stein type inequalities related to the 
local sharp maximal function as in Proposition 3.2, which is crucial in the proof of Theorem 
4.1. However, (3.14) would be enough to give a direct proof of Theorem 4.2 below. 

4 Maximal Singular Integrals 

In this section, we consider the boundedness of maximal singular integrals whose kernels 
satisfy some integral size condition and Hormander's condition. 

Assume that K is a locally integrable function on (S x S) \ {(x, x) : x G S} such that 

sup sup / [\K(x,y)\ + \K(y,x)\] dp(x) = v x < 00, (4.1) 

yeS r>0 Jr<d(x,y)<2r 

and 

sup sup / \\K(x,y) - K(x,y')\ + \K(y,x) - K(y ,x)\] dp{x) = u 2 < 00, (4.2) 

R&Ky,y'£R J(R*)V 

where, for any R in K, R* = {x G 5 : d(x, R) < r R } and (R*^ = S\R*. 

Let T be the linear operator associated with a kernel K satisfying (4.1) and (4.2); in 
particular, for all / G -L£° and x £ supp/, 

Tf(x)= [ K(x,y)f(y)dp(y). 



s 
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We define the maximal singular integral operator T* by 

T*f(x)= sup \T R f(x)\ V/a» V^eS, (4.3) 
R&K(x) 

where Tr is the truncated operator defined by 

T R f(x) = [ K(x, y)f(y) dp{y) V x G S, V R G ft(x). 

The main result concerning such maximal singular integrals is the following. 

Theorem 4.1. Suppose that T* is the maximal singular integral operator as in (4.3) asso- 
ciated with a kernel K satisfying (4.1) and (4.2). The following statements are equivalent: 

(i) T* is bounded from Lf to BMO ; 

(ii) T* is bounded on LP for all p G (1, oo); 

(iii) T* is bounded on LP for some p G (l,oo); 

(iv) T* is bounded from L 1 to L 1,0 °. 

To prove Theorem 4.1, we first establish the following lemma by following some ideas 
used by Grafakos [12, Lemma 1]. 

Lemma 4.1. Let T* and K be as in Theorem 4-1- Suppose that p G [l,oo), A > 0, 
b = ^2 ie jbi and {Ri}iei C 1Z are such that for a fixed positive constant C3 and all i £ L, 
supp6j C Ri, J s bidp = 0, \\bi\\]j> < C 3 \[p{Ri)] 1 ^ p , and {Ri}i e i are pairwise disjoint. 
Then 



$\JR*: T*b(x) > (C K0 C 3 ^i + 3)A 1 ) < C 3 [v x C R0 + 3is 2 ] Yp( r 
ie/ J / i&i 



(4.4) 



where kq is the constant which appears in Lemma 2.1, C Ko = 3 + log 2 (Ko + 1) an d C KQ = 
2 + log 2 [(4K + 3)K ]. 

Proof. For any fixed x \J ieI R* and R G TZ(x), we set l\(x,R) = {i G / : Ri C R*} , 
I 2 {x, R) = {i G / : R t n R* = 0} and I 3 (x, R) = {i G I : Ri D R* + 0, Ri n (R* f ^ 0}. 
Then, by the definition of Tr, 



Tr[ Y bi )W 

i£h(x,R) 



+ 



\T R b{x)\ < 

Denote by X\ the center of Ri. By J s bidp = and supp6,, C Ri, we obtain 



tr\ y h A ^ 

i£l 3 (x,R) 



tr[ y b A ^ 

i£h(x,R) 



Y [ [K(x,y)-K(x,x l )]b l (y)dp(y) 



i£h(x,R) 



(4.5) 
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<J2[ \K{x,y)-K{x,x i )\\b i {y)\dp{y) = Z 1 {, 
iei jRi 



To estimate the second term in the right-hand side of (4.5), for any i G I 3 (x,R), we set 



Ci{R) 



1 



Notice that 



Tr ( E 6 ^ 

iels(x,R) 



, , J Ri 



i£h(x,R) 



< 



i£l 3 (x,R) 

+ 



E I^K(x,y) bi(y)x (R , )C (y) - Ci{R) dp{y) 



Ri 



£ / K(x,y) Ci (R)dp(y) 



i£l 3 (x,R) 



Ji(x) + J 2 (x). (4.6) 



For all i G h(x,R), by the hypothesis ||6i|| LP < C 3 A[/)(^)] 1 / p , we have \ci{R)\ < C 3 A. 
From this, it follows that 



Ji(aO 



ieh(x,R) 



E 1^ [K{x,y) - K(x,Xi)} bi(y)x (Rt)C {y) - Ci(R) dp(y) 



<Z!(x) + C 3 AE / \K(x,y) - K{x, Xi )\dp(y) = Z 1 (x) + Z 2 (x). 
iei Ri 

To estimate ^(x), set l^\x,R) = {i G I 3 (x,i?) : r^j > 4KorR,} and 

I 3 2) (x,i?) = {i G I 3 (x,i?) : r R < 4K r R J. 

For any % G I 3 (x,i?), assume that ifj G i?j n R* and G #j n (i?*) C . If i G l£\x, R), by 
the assumption that x £ R and Lemma 2.1 (i) , we obtain that for all y G Ri, 

d(x, y) < d(x, Wi) + d(wi,y) < (2k + l)r R + 2K Q r Ri < 2(k + l)r R 

and 

d(x,y) > d(x,Ui) - d(ui,y) > r R - 2« r Rj > r R /2. 
These facts together with the pairwise disjointness of {Ri}i^i yield 



i€l£\x,R) 



Ri 



K{x,y)ci(R)dp{y) 



<C 3 A 



iei^&R) 



Ri 



\K{x,y)\dp(y) 
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<C 3 A/ \K(x,y)\dp(y) 

Jr R /2<d(x,y)<2(K +l)r R 

< [3 + log 2 (K +l)]C 3 u 1 X. 
If % E if \x, R) and since x € R \ U i& iR*, for all y E R4, 

r Rx < d(x,y) < d(x,Wi) + d{w i: y) < (2k + l)r R + 2K r R] < 2(4k + 3)K r Ri , 
which implies that 

Y, [ K(x,y)c t (R)dp(y) < C 3 A^ [ \K(x,y)\x Ri (y) dp{y) 

■2), „,J R * ipT Jr R <d{x,y)<2(&K +Z)K r R 



i&f 1 (x,R) 



idl 

Z 3 (x). 



Therefore, J 2 (x) < [3 + log 2 (K + 1)]C 3 ^A + Z 3 (x). 

Set C KQ = 3 + log 2 (Ko + 1). The estimates of Ji(x) and ^(a?) together with (4.5) and 
(4.6) imply that for all x g Uj 6 /i?*, 

T*b(x) < 2Zi(x) + Z 2 (s) + C^C^X + Z 3 (x). (4.7) 

By this, (4.1) and (4.2), we obtain 

p {\x i [jR* : T*b(x) > (C^CsUx +3)a|^J 
<p(J^x^(jR*: Zi(x)>A/2|j +p(^x^(jR*: Z 2 (x) > a|^J 
+p^|x^ |Ji2?: Z 3 (x)>a|^ 

^tE/ / l^,y)-^,^)ll&i(y)|dp(y)d^) 
+C3 E / . / l^,y)-^,^)Mp(y)^) 

ig/ JS\R* JRi 

+C 3 E / / Ri (y)dp(y)dp(x) 
< X E + £ + C 3i /i (2 + log 2 [(4 Ko + 3)«o]) £ (4.8) 

The hypothesis \\bi\\ LP < C^\[p{Ri)] l/p implies that 

E hmj* ^ E inmpW] 1 - 1 ^ < c 3 a^ P (^). 

i67 i6/ 16/ 

Combining all these facts yields (4.4). This finishes the proof. □ 
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Lemma 4.2. Let T* and K be as in Theorem J^.l. If T* is bounded from to BMO , 
then T*f G L 1,0 ° for all f G L~ . 

Proof. Without loss of generality, we may assume that supp/ C Ro G TZ. Since / G L^ , 
we have that T* f G BMO , which implies the local integr ability of T* f and 

sup ap({x G (R )* : T*f(x) > a}) < ||(T7)x (JJo) .|| L i < oo. 
a>0 



Therefore, it suffices to prove that 

sup ap ({x $l (Ro)* : T*f(x) > a}) < oo. 

To this end, fix x <£ (R )* and R G K{x). If R C R* , then Tr/(x) = 0. If # H 
then we denote by xq the center of i?o and use the fact that J s f dp = to obtain 



(4.9) 



|T fl /(s)|< / \K(x,y)-K(x,x )\\f(y)\dp(y)=Y 1 (x). 
JRo 

UR nR* + 0and i? n( J R*) C / 0, we take a Calderon-Zygmund decomposition of / at level 
a and write f = g a + b a with fe a = J2 i&Ia &?, II^IIl- < Cia, supp&f C Rf, {Rf} i& i a C ft 
are mutually disjoint, f s bf dp = 0, a < p ^ a ; J^q |/| dp < Ci« and ||6? < Ciap(i?f), 
where I Q is a certain index set and C\ is the constant which appears in Proposition 2.2. 
Then 



\T R f(x) 



R n(R*) c 



K(x,y)f(y)dp(y) 



< 



K(x,y)g a (y)dp(y) 



K(x,y)bf(y)dp(y) 



iR n(R*)t 
= Y 2 (x)+Y 3 (x). 

Observe that if R n R* / and i? n (iT) C / 0, then for all yeRoD (iT) C , 

2 ° < 2/) < d{x, yi ) + d{ yi ,y) < (l + 2K )r R + 2K r Ro < (2k + l){r R ■ + r Ro ) 
where y\ is some fixed point in RqD R* . Thus, for all x ^ (Ro)* > 



Y 2 (x) < | : 



<(i(a;, 2 /)<(2Ko+l)(rfl+r jBo ) 



l^(^,2/)lb a (2/)l dp(y) < v x C x a [3 + log 2 (2 Ko + 1)] . 



By proceeding as in the proof of Lemma 4.1, we obtain that for all x ^ Uj 6 / Q (Rf)*, 

Y 3 (x) < 2Z[(x) + Z' 2 (x) + C Ko du ia + Z' 3 (x), 
where C K0 is as in Lemma 4.1, and 
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Z' 2 (x) = C x a ^ / \ K ( x ,y) ~ K(x,Xi)\ dp{y), 
iel a R i 

Z' 3 (x) = Cxa^2 / \K(x,y)\x Ra (y)dp(y). 

itzT Jr R a<d(x,y)<2(4:Ko+3)Kor R n 

Combining all these estimates, we obtain that for all x ^ Uj g / Q (i?f)* 

T*f(x) < Yx(x) + i^dap + log 2 (2 Ko + 1)] + 2Z , 1 (x) + Z' 2 (x) + C K ,C x v x a + Z' 3 (x), 

and hence for all a > 0, 

p({z£CR r = ^70) > {C w v x C x + 4 + ^[3 + log 2 (2 Ko + l)])a}) 
< p(u 4e7a (i?f)*) +p({x £ (i? )* : Yi(x) > a}) 

+p{{x i U ieIa (Rf)* : 2Z[(x) + Z' 2 (x) + Z' 3 (x) > 3a}). 

By Lemma 2.1(h), the condition a < ^trch J^c* |/| dp and the pairwise disjointness of 

{-ftfWc w e have p (U ie / a (Rf )*) < k Eie/ a P( R i ) ^ K o« _1 , where k is the con- 
stant which appears in Lemma 2.1. For the second term, applying (4.2) yields 

p({x^(Ro)* :Y 1 (x)>a}) <a- 1 [ [ \K(x,y)-K(x,x )\\f(y)\dp(y)dp(x) 

<a^u 2 \\f\\ Ll . 
Finally, an argument similar to (4.8) yields that 



p {{x i U ieIa (R?)* : 2Zi(x) + Z' 2 (x) + Z' 3 (s) > 3a}) < C x 



v x C Kn + 3^2 



L 1 ) 



where C Ko is the constant which appears in Lemma 4.1. Combining all these estimates 
gives (4.9). Hence, T* f G L 1,oc . □ 

Proof of Theorem J^.t. To show that (i) implies (ii), by the Marcinkiewicz interpolation 
theorem (see [13, Theorem 1.4.19]) and the fact that L£° is dense in L q when q £ (l,oo) 
(see [32, Lemma 5.3]), it suffices to show that for any p £ (l,oo) and all / £ L^° , 

I|t7||l*oo < UWlp. (4.io) 

To prove (4.10), we fix p £ (l,oo) and / 6 L£° . By applying Proposition 2.2 and 
Remark 2.1, we know that for any given a > 0, there exist a positive constant C x and 
a sequence of pairwise disjoint sets {Rf }i<=i a C 1Z such that / is decomposed into / = 
g a + b a = g a + J2 ie i a b f such that 

(a) |<? Q (x)| < C x a for almost all x G 5 and H^oo < ||/||i/x>; 

(b) for all iel a , supp bf cRfeK and J s bf dp = 0; 

(c) for all i£l a ,a< f R? \f\ p dp} 1 '? < C x a; 

(d) for all i € I a , \\bf\\]j> < Cia[p(«f )]Vp, 
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where I a is an index set and C\ is the constant which appears in Proposition 2.2. By 
proceeding as in the proof of [18, (3.5)], we obtain that for all s G (0, 1), a > 0, and x £ S, 

M{ s (T*f)(x) = Ml s {T*(g a + b a ))(x) < Ml s/2 (T*g a )(x)+M , s/2 (T*b a )(x); 

therefore, with C KQ as in Lemma 4.1 and C4 = \\T* Wl 00 -* bmo > 

p({x G S : M{ s (T*f)(x) > (2C 4 C lS - 1 + C^C^ + 3)a}) 
< p({x G S : Ml s/2 (T*g a )(x) > 2C 4 C lS " 1 a}) 

+p({x G S : M 0jS/2 (T*b a )(x) > (C Ka C x v x + 3)a}) = 1 + 11. 

By (i), Lemma 3.4(iv) and Property (a), we obtain 

ll^5, s /2( r *5 Q )IU- < 2s- 1 \\(T*g a f\\ La o < 2 S - 1 ||T*|| L o ^BMo||3 a ||L~ < 2C i C lS - 1 a, 
which implies that 1 = 0. By Lemma 3.1(vii), the term II can be estimated by 

II < 2||^|| L i^ il , ooS - 1 /3 ({^ G S : T*b a (x) > (C^CtUt + 3)a}) , 
then, applying Lemma 4.1, Lemma 2.1(h) and Property (c) yields that 

p{ U ) + p({ x * U ■ T%a ^ > (CkoCsVi + 3)a}) 

i&Ia i&Ia 

<*" 1 X)p(12f)<«- 1 a-'||/||^. 

The estimates of I and II above imply that for any given s G (0, 1), 

\\Ml s (T*f)\\ LP ^ < s-^H/H^. (4.11) 

By the assumption / G L^° and Lemma 4.2, T*/ G L 1 ' 00 . Then by applying Proposition 3.2 
to the function T*/ and by (4.11), we obtain that for s G (0, 1/2] such that s < (2 2 3 P C 2 )~\ 

\\T*f\\ LP ,~ < C\\Ml s (T*f)\\ LP ,~ < C\\f\\ LP . 

This proves (4.10). Thus, (ii) holds. 

It is obvious that (ii) implies (iii). Now we assume that (hi) holds for an index p G (1, 00) 
and show that (iv) holds. To this end, for any given / G L 1 and a > 0, we use Proposition 
2.2 to obtain a sequence of mutually disjoint sets, {Rf}i^j a C 1Z, and a decomposition of 
/ as / = g a + b a = g a + Yli&i a bf where \\g a %ot, every bf is supported on Rf and has 
integral 0, , \ a \ f Ra \ f\ dp « a and < ap(Rf). By Lemma 4.1 and Lemma 2.1(h), 

there exists a sufficiently large positive constant C such that for all a > 0, 



-1 

■ 



II < s 



p({x£S: T*f(x) > (C + l)a}) 
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< p{ {x £ S : T*g a (x) >a})+p({J (RfA 

\iei a I 

+p(Lt [J (R?T : T*b a (x) > Ca^j 

<a-v\\T*g<*\f LP + J2p(R?)- 
iel a 

Notice that J2iei a P( R i) < a^ll/lli 1 - Usin g the £ p -boundedness of T* (by (in)) and the 
properties of g a , we have 

a- p \\T*g a \\l P < a- p \\T*\f LP ^ LP \\g a \\l P < or x \\g a \\ L , < a^H/IUi. 

Combining all the above estimates yields that ||T7||l 1 >°° < H/Hl 1 - Hence, (iv) holds. 

Finally, we show that (iv) implies (i). Fix a £ (0, 1). By Lemma 3.3, it suffices to prove 
that for all / £ L£°, ||T*/||*,<t < To this end, for any given / £ Lf and R £ K, 

we decompose / into / = fx R * + fx s \ R * = /l + /2- Notice that for all c £ C and x £ S, 
\T*f(x) - c| < T*/i(x) + iTVa (x) - c| . Then, for all i? £ 

inf-3- I \T*f{x)-c\°dp{x) 
cec p(i?) 7 R 

<^t / |T*/i(x)rdp(x) + iDf-^ / |r*/ 2 (x)-crdp(a:) = Zi + Z 2 . (4.12) 
p{R) J R cec p(J?) 7 fi 

Using a £ (0, 1) and the hypothesis that T* is bounded from L 1 to L 1 ' 00 together with 
Lemma 2.1(h), we obtain 



p{R) Jo 



at a - Y p{{x £ R : T*h{x) > t}) dt 



< 



p(R) 



11/11 



at a - i p(R)dt + 



^ilir'lU^Li.-ll/ilUi^l < 



By this and (4.12), the proof of (i) is reduced to the estimate Z 2 < ll/lljoo- Since / 2 £ 
an argument similar to the one used for Zi yields \T* f'2\ a £ L\ oc ; thus there exists some 
zr £ R such that T* fi(zR) < oo. Notice that for all x £ R and R £ TZ(x), Lemma 2. 1 (i) 
implies that {y £ S : d(y,x) > r^} = (R*)^ 1 U {y £ R* : d(y,x) > r^}. From this, it 
follows that for all x £ R, we can write T*/ 2 (x) as follows: 



T7 2 (x) = sup 
Re7e(x) 



/ 



d(y,x)>r^ 



K(x,y)f 2 {y)dp(y) 



d(y,x)>r- 

y eR* 



K(x,y)f 2 (y)dp(y) 



(4.13) 
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In particular, the equality (4.13) holds for T* f 2 (zR). Thus, for all x £ R, 

\T*h(x)-T*f 2 (z R )\ 



< 



sup 

R£R{x) 

+ sup 



K(x,y)f 2 (y)dp(y) 



d(y ,x) >r 
i/6-R* 



_ K(x,y)f 2 (y)dp(y) 



- sup 

ReK(z R ) 

+ ^ sup 

Ren{z R ) 



s 



d(y,z R )>r R 



K(z R ,y)f 2 (y)dp(y) 



d(y,z R )>r- 



K{z R ,y)f 2 {y)dp{y) 



= Li + L 2 + L3. 



To see this, by symmetry, it suffices to show that T* f 2 (x) — T* / 2 (zr) < L\ + L 2 + L3, 
which follows by first writing T*f 2 (x) and T* f 2 (zR) as in (4.13), then applying 

sup |a.j — bi\ < sup |aj| + sup \bi\ 
ieA ieA ieA 

to the expression of T* f 2 (x), and sup igA |eij — 6j| > sup igA |a«| — sup igA in the expression 
of T* J 2 (zr), where A denotes an index set which might be uncountable. 

When d(y,x) > and y £ R* , by x G Rn R and Lemma 2.1(i), we have < 
d(y,x) < (2kq + l)r^, which combined with (4.1) implies that L 2 < ^i||/||l°o. Similarly, 
L3 < To estimate Li, by the properties of Calderon-Zygmund sets, we obtain 



sup 

RGll(x) 



f 

Jd 



d(y,x)>r£ 



K(x,y)f 2 (y)dp(y) 



sup 

<E>0 



d(y,x)>e 



K(x,y)f 2 (y)dp(y) 



By this and the inequality sup ieA |aj — bj\ > I sup igA |aj| — sup i6A \ bi\\, we obtain that 



Li < sup 

e>0 



K(x,y)f 2 (y)dp(y) - / K(z R ,y)f 2 (y) dp{y) 

d(y,x)>€ Jd(y,z R )>e 



< sup / |if(x,y) - if(^y)||/ 2 (y)| o!p(y) 

6>0 J d(x,y)>e,d(z R ,y)>e 



sup / \K(x,y)f 2 (y)\dp(y) 

e>0 J d(x,y)>e>d(z R ,y) 



+ sup / |^(^,y)/2(y)| ^p(y) = Ji + J 2 + J3- 

e>0 J d(z R ,y)>e>d(x,y) 

From (4.2) and supp/ 2 C (iT) C , it follows that J x < If x £ R, y R* and 

d(x, y) > e > d(zR, y), by Lemma 2.1 (i) , we have vr < d(y, R) < d(y, zr) < e and 

d(x, y) < d(x, zr) + d(z R ,y) < IkqTr + e < (2k + l)e, 

which together with (4.1) implies that J 2 < ^1 II/II-L 00 • Similarly, J3 < z^iH/Hz, 00 - Thus, 
Li = X^ 3 =1 Jj < Combining the estimates of Li,L 2 and L 3 yields Z 2 < H/Hf^- 

This finishes the proof of (iv) implies (i), and hence the proof of Theorem 4.1. □ 
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Applying Theorem 4.1 and the Calderon-Zygmund decomposition, we obtain the fol- 
lowing result. 

Theorem 4.2. Let T be the integral operator associated with a kernel K satisfying (4.1) 
and (4.2). IfT is bounded on L 2 , then the maximal singular integral T* defined as in (4.3) 
is bounded from L 1 to L 1,co , from L p to LP for all p G (1, oo), and from to BMO . 

To prove Theorem 4.2, we need the following Cotlar-type inequality. 

Lemma 4.3. Under the assumptions of Theorem 4-2, for all g G and x G S, 

T*g(x) < M{Tg){x) + [u 2 + ^II^IIl^] \\g\\ LOO> (4.14) 

where Ai is the Hardy-Littlewood maximal operator defined in (2.1). 

Proof. We only give an outline of the proof because of its similarity to the argument used 
in [12, Theorem 1]; see also [13, p. 295]. Indeed, for all x G S, R G 1Z(x), z G R and all 
g G L£°, we use Hormander's condition (4.2) to obtain 

\T R g(x)\ < \T(g Xm z)(x) -T(g Xm t)(z)\ + \Tg(z)\ + \T(g X R*)(z)\ 
<V2\\g\\L~ + \Tg(z)\ + \T(g X R*)(z)\. 

Taking the integral average over R with respect to the variable z in both sides of this 
inequality yields that 

\T R g{x)\ < V2\\g\\L°° + J \Tg(z)\ dp{z) + J \T(g X R*)(z)\ dp(z). 

By (2.1), Holder's inequality, the L 2 -boundedness of T and Lemma 2.1(h), we obtain 

\T R g(x)\ < V2 \\g\\ LOO +M(Tg)(x) + ^^ J R \T(g X R*)(z)\ 2 d P {z)} ' 
< M{Tg)(x) + v 2 + Ko /2 H T Hl 2 ^ 2 llfll^ 00 ' 
which completes the proof. □ 

Proof of Theorem 4-2. By Theorem 4.1, it suffices to show that T* is bounded from L 1 to 
L To this end, for any / G L 1 with bounded support and a > 0, we decompose / at 
level a into / = g a + b a = g a + ^2 ie j a bf, where I a is a certain index set, ||g a ||£oo < C\a, 
suppftf C Rf, {Rf}iei a C TZ are mutually disjoint, J s bfdp = 0, a < p ^ a ^ J Ra \ f\ dp < 
C\a and \\bf \\ L t < C\ap(Rf). Here C\ is the constant which appears in Proposition 2.2. 
For Co > C KQ CiV\ + 3 sufficiently large, which will be determined later, we have 

p ({x G S : T*f(x) > C a}) < p ({x G S : T*^(x) > (C - C^Ci^i - 3)o}) 

+p ({xeS: T*b a (x) > {C Ko dv x + 3)q}) = Z x + Z 2 . 
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Here C Ko is as in Lemma 4.1. To estimate Z\, the inequality (4.14) applied to to g a gives 
that 

T*g a (x)<M(Tg a )(x) + C 1 



i 1 / 2 \\r r \\ 
V 2 + K Q ' \\T\\ L 2_, L 2 



a. 



Set C = Ci[u 2 + nl /2 \\T\\ L 2^ L 2] + C K0 CiVi + 3. If C > C, by the L 2 -boundedness of M 
and T, the facts that ||<7 a ||L°° ^5 a and ||<? q ||li < II/IIl 1 ) we obtain 



Zi<«- 2 ||^(T^)|| 



,Qi||2 



< 



Lemma 4.1 implies that Z2 < X^e/ P(R?) ~ a ~ II/IIl 1 - By the estimates of Zi and Z2, we 
have that T* maps all L 1 functions with bounded support into L 1,0 °. A standard density 
argument implies the boundedness of T* from L 1 to L 1,0 °. This concludes the proof. □ 



5 Applications to Multiplier Operators on ax + 6— Groups 

The aim of this section is to apply the results in Section 4 to the multipliers of a distin- 
guished Laplacian A on (S, d, p). Let us begin with some known facts related to the integra- 
tion formulae and spherical analysis on S; for details we refer the reader to [1, 2, 6, 7, 17]. 

A radial function on S is a function that depends only on the distance from the identity. 
If / is radial and / E C£°(S), then we have the following integration formula: 

/•oo 

f(x)d\(x)=C f(r)A(r)dr, (5.1) 
Jo 

where C is a positive constant depending only on S, A(r) = 4 n sinh n (X) cosh 71 (0 for all 
r > and A denotes the left Haar measure. One easily checks that 

(tt^)" 6 " Vr>0 - (5 - 2) 

A radial function <f> is spherical if it is an eigenfunction of the Laplace- Beltrami operator 
C = — div • grad and <p(e) = 1. For s E C, let <p s be the spherical function with eigenvalue 
s 2 + n 2 /4. It is known ([2]) that the spherical function (fio satisfies the estimate 

< Mr) < (1 + r)e~ nT ' 2 V r > 0, (5.3) 

and that for every radial function / E C£°(S), 

/•oo 

S 1/2 (x)f(x)dp(x) = <j) Q (r)f(r)A(r)dr. (5.4) 
Jo 

The spherical Fourier transform of a radial function / in L 1 (X) is defined by the formula 

Hf(s)= [ <f> 9 (x)f(x)d\(x) VsEC. 
Js 

For radial functions / E C£°(S), a Plancherel formula holds: 



poo 

\f(x)\ 2 d\(x) = C / |^/( S )| 2 |c( S )r 2 ds, (5.5) 
s Jo 
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where C is a positive constant depending only on S, and |c(s)| 2 ds denotes the Plancherel 
measure which satisfies the following estimates (see Chapter IV of [17]): 



|c(«) 



< 



C\s\ 2 
C\s\ n 



if \s\ < 1, 
if |s| > 1, 



(5.6) 



where C is a positive constant independent of s. In particular, when n = 1, the estimate 
(5.6) becomes 



|c(s)|- 2 < Cmin{|s| 2 , |s|} Vs G 



(5.7) 



where C is a positive constant independent of s. 

Denote by A the Abel transform and by A~ 1 the inverse Abel transform. If n is even, 
then 

1 i \ 

/(r) V r > 0, (5.8) 



sinh r <9r 



^~V(r) = (2tt)-"/ 2 
and if n is odd, then for all r > 0, 

I Q \ (n+l)/2 



sinh s dt 



(cosh s — cosh r) sinh s (is. (5.9) 



Denote by J 7 ^) or g the Fourier transform of 5 on K, namely, J-g(s) = Jm g{r)e~ tsr dr. It 
is known that H = J- o A, and hence H^ 1 = A^ 1 o T^. 

Consider the following basis of left-invariant vector fields of the Lie algebra of S: 



X = ad a , Xi = ad Xi , 



1, 2, ••• , n. 



The Laplacian A = —Y2i=o-^i ^ s a left-invariant essentially selfadjoint operator on L 2 (p). 
The operator A has a special relationship with the Laplace-Beltrami operator C associated 
with the Riemannian structure of S. Indeed, if we denote by C n the shifted operator 
C — n 2 /4, it is known that 

5 -l/2 A6 l/2 f = J r nf (510) 

for all smooth radial functions / on S (see [2]), where 5 denotes the modular function. 
The spectra of both A on L 2 (p) and C n on L 2 (X) are [0, 00). Let Ea and E^ n be the 
spectral resolutions of identity for which A = / °° t dE&(t) and C n = J °° tdEc n (t). For 
each bounded measurable function m on M + , the operators m(A) and m(C n ), spectrally 
defined by 



poo poo 

A) = / m(t)dE A (t) and m(C n ) = / m(t) dE Cr 
Jo Jo 



(<). 



are respectively bounded on L 2 (p) and £ 2 (A) by the spectral theorem. By (5.10) and the 
spectral theorem, we see that for all radial functions / G C%°(S), 



6- 1 / 2 m(A)6 1 / 2 f = m(C n )f. 
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Denote by & m (A) the convolution kernel of to(A), namely, for all / G C%°(S), 

.W/W-Z/hf^+lr) vx^supp/. (5.11) 

As in (5.11), denote by krn(c n ) the convolution kernel of m{C n ). It was proved in [1, 2] that 
for all bounded measurable function m on R + , the convolution kernel k m (£ n \ is radial, 

fem(A) = 5l/2k m(C n ) and 7-t-k m{Cn) (s) = m(s 2 ) V s G R + . (5.12) 
Let K m (M be the integral kernel of m(A), namely, for all / G C£°(S), 

m(A)f(x)= K m{A) (x,y)f(y)dp(y) Vx^supp/. (5.13) 

In view of (5.11) and (5.13), by changing variables and using the left-invariant property of 
A and the right-invariant property of p, we obtain that for all x, y G S, 

K m (A)(x,y) = k m ^)(y~ l x)8(y). (5.14) 

For any s G (0,oo), we denote by H S (M) the Sobolev space W S ' 2 (M) of order s on R. 
Let <f> G C£°(R + ) be a function supported in [1/4,4] such that 

^2<P(2- j t) = l V t G R + . (5.15) 

For any given sq, Sqo G R + , a bounded measurable function m on R + is said to satisfy a 
mixed Mihlin-Hormander condition of order (so,Soo) if 

||to|L = sup ||m(i-)0(-)||fpo(R) < oo and \\m\\ Sao = sup ||m(t-)^(-) ll-f/ s °° (K) < °°- 
t<i t>\ 

For any j G Z and any bounded measurable function to on R + , we define rrij by 

mj(t) = m(2H)4>(t) V* G R + . (5.16) 

Obviously, we have 

m(A) = ^TO,(2^A). (5.17) 

jez 

As in (5.11) and (5.13), we denote by ^ m -(2-jA) an d ^m(2-j a) the convolution kernel and 
the integral kernel of m,j(2 -J A), respectively. 

Assume that to satisfies a mixed Mihlin-Hormander condition of order (so,Soo) with 
so > 3/2 and Sqo > max{3/2, (n+l)/2}. Choose a > small enough such that sq > 3/2 + cr 
and Sqo > max{3/2, (n + l)/2} +<t. Hebisch and Steger [16, Theorems 2.4 and 6.1] proved 
that there exists a positive constant C such that for all j G Z and y £ S, 

^iir OT , (2 -,A)(^y)i(i+2^M^2/)r^)<{^]|^]]; ^ ^- > o; (5 - 18) 
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and that for all y, z £ S, 

\K m .( 2 -j A ){x,y) ~ K mj (2-iA){x,z)\ dp{x) 



Is 



, 'C2i/ 2 d(y,z)\\m\\ S0 if j < 0, 

\Cy/ 2 d(y,z)\\m\\ Soa if j > 0. l °- yj 



From (5.18) and (5.19), it is easy to deduce that 



sup sup / \K m ( A )(x,y) - K m ( A) (x,z)\ dp{x) < oo; (5.20) 

R£lly,z£R JS\R* 

see [16, Remark 1.4]. From the proofs of [16, Theorems 2.4 and 6.1], it follows that (5.18) 
and (5.19) still hold if we interchange the two variables of K m .( 2 -i a)- Thus, K m ( A ^ satisfies 
Hdrmander's condition (4.2). 

The estimates (5.18) and (5.19) imply that the operator m(A) is bounded from L 1 to 
L 1,0 ° and bounded on LP for all p G (l,oo) [16, Theorem 2.4] and that it is also bounded 
from H 1 to L 1 and from L°° to BMO [32, Proposition 2.4]. 

We now consider the boundedness of the maximal singular integral operator (m(A))* 
as defined in (4.3). 

Theorem 5.1. Let m satisfy a mixed Mihlin-Hormander condition of order (so^oo) with 
sq > 3/2 and Soo > max{3/2, (n + l)/2}. Then the maximal singular integral (m(A))* is 
bounded from L 1 to L 1,0 °, from to BMO and bounded on LP for all p G (1, oo). 

Theorem 5.1 follows immediately from Theorem 4.2 if we know that i^ m (A) satisfies 

(4.1) and (4.2). We already noticed that the kernel i^ m (A) satisfies Hormander's condition 

(4.2) . Condition (4.1) for i^ m (A) is equivalent to the following estimate: 



/ \ K m(A) 

(y)\dp(y) <oo. (5.21) 

Je<d(v,e)<2e 



sup 

OO Je<d(y,e)<2 

To see this, by using the right-invariant property of p and the left-invariant property of A, 
we have that for all x,y £ S, 

8(y)dp(y) = d\(y) = dpiy" 1 ) = dp(y~ l x) and d{x,y) = d(y~ 1 x,e). 

We then apply (5.14) to obtain 

/ \K m ( A )(x,y)\dp(y) = \k m (A)(y^ 1 x)\S(y) dp(y) 

Je<d(x,y)<2e Je<d(x,y)<2e 

l^m(A)(y _1 ^)l dp{y~ x x) 

e<d(y- 1 x,e)<2e 

\k m (A)(y)\ dp{y). 

e<d(y,e)<2e 
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Similarly, by (5.14) and 

S(y)dp(x) = 8(y)[8(x)r l d\(x) = [5(y~ l x)r l d\(x) = [5(y- l x)y l d\(y- l x) = dp^x), 
we have 

K m (A)(x,y)\dp(x) = / \k m (&){y~ l x)\5(y)dp{x) 

e<d(x,y)<2e J e<d(x,y)<2e 

\k m {A)(y~ 1 x)\ dp{y~ l x) 

e<d(y- 1 x,e)<2e 



l^ m (A)(y)l dp(y). 

e<d{y,e)<2e 

Therefore, it suffices to show (5.21). To this end, we will use some ideas from the proof 
of [34, Theorem 4.3]. Let us start with an integral estimate of the kernel which is more 
delicate than the one proved in [34, Lemma 4.5]. 

Lemma 5.1. Let f be a bounded even function on R such that supp/ C [— r,r). Then, 
there exists a positive constant C independent of r such that kf(^g\ satisfies the following: 

(i) ife > r, then J e<d(x>e) < 2e \k f{y/E) (x)\ dp{x) = 0; 

(ii) for all e £ (0, 1) such that e < r, 

r ( roc ~\ 1/2 

/ \k f{ ^ ) {x)\dp{x)<Ce^in \f{s)\ 2 {s 2 + s")ds\ ; (5.22) 

Je<d{x,e)<2e UO J 

(hi) for all e £ [1, oo) such that e < r, 

r ( roo ^ 1/2 

/ \k f(VE) (x)\ dp(x) < Ce 3 / 2 / [/(*)[ V + s n ) ds ; (5.23) 

Je<d{x,e)<2e Uo J 

(iv) when n = 1, the right-hand sides of (5.22) and (5.23) can be respectively replaced by 
the better estimates: Ce( n+1 ^ 2 {/ °° \f(s)\ 2 min{s, s 2 } ds} 1 ^ 2 and 



Ce 3/2 



|/(s)| 2 min{s, s 2 } ds 



1/2 



Proof. Let ^/(./c^) be the convolution kerneloi the operator /(\/A^). By (5.12), we know 

that fe^(y^T) is radial on S, £;y( v /A) = ^^/(VAT) anc ^ ^-^f(\/c^)(^) = /(*) f° r au * e 
Since H~ l = A~ l o J 7-1 and / is even, we obtain 

fc /( V5T)(t) = = A-^VC*) = A~\f )(t). (5.24) 

Notice that supp/ C [— r, r] and the inverse formulae for the Abel transform (5.8) and 
(5.9) imply that supp.A _1 (/) C B(e,r). Then, suppk^r^^s C B(e,r), and hence 
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supp &y( v /s) C B(e, r). So the integral of fc^yTV) in the domain {x £ S : e < d(x, e) < 2e} 
is when e > r. This proves (i). 

To prove (ii) and (hi), we set w(x) = 5~ l l 2 {x)e nd<yX ' e ^ 2 for all x € S. Applying Holder's 
inequality yields that 

\ k f(y/E)( X )\ d P( X ) 

e<d(x,e)<2e 

\ 1/2 f r \ 1/2 

w(x) 1 dp{x)\ { / \k f{VA) (x)\ 2 w(x)dp(x)\ 

e<d(x,e)<2e J [J e<d(x,e)<2e J 

= I 1 / 2 • J 1 / 2 , 

where we denoted by I and J respectively the integral in the first and second bracket. 
Recall that if x = (y,a) £ S with y £ W 1 and a € R + , then S(x) = S(y,a) = a~ n . When 
e E (0, 1], for all d(x, e) < 2e, we have < e < 1, and hence 



< 



I = / 5 1 / 2 (x)e- nd ^ 2 dp(x) < p{B(e, 2e)) < e n+1 . 

Je<d(a;,e)<2e 

When e > 1, by (5.4) together with the estimates (5.3) and (5.2) of </>o and of the density 
function A, we obtain 

I < f 5 1 l 2 {x)e- nd{ - x ^l 2 dp{x) 

Jd{x,e)<2e 

r 2e f-2t / ± \ n 

= j Mt)e- nt/2 A(t)dt< J (1 +*)(__ J dt<e 2 . 
To estimate J, since fe^^s) = 5 1 ^ 2 /cj^ v ^j, we have 



J= / *(ac)|fc ff ^c 1 (^)| 2 ^ 1/2 (^)e rid(a:,e)/2 rfp(x). 

Je<d(x,e)<2e 1 " j 

Again, using (5.4) and the estimates (5.3) and (5.2), we estimate J by 

J = J'* Mt)\k fiVZn) (t)\ 2 e nt / 2 A(t)dt 

< (1 + e) J'* \k nVZ Jt)\ 2 A(t) dt<(l + e)J s \k f(VZ Jx)\ 2 d\(x), 

where the last inequality is due to (5.1). Applying the Plancherel formula (5.5) and the 
estimate for the Plancherel measure (5.6) (when n = 1 we use (5.7) instead) yields that 



r poo 

/ \k f{VZn) (x)\ 2 d\(x) « / \nk f{VZn) (t)\ 2 \c(t)r 2 dt 

J S J 



oo poo 

\f(t)\ 2 \c(tT 2 dt< / \f(t)\ 2 (t 2 + t n )dt, (5.25) 
o Jo 
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which implies that J < (1 + e) J* °° \f(t)\ 2 (t 2 + t n ) dt. Combining the estimate of I and J 
yields (ii) and (hi). 

The proof for (iv) follows from the same argument except that in (5.25) we use (5.7) 
instead of (5.6). □ 

The following decomposition of functions with compact support was proved in [15, 
Lemma 1.3]; see also [34, Lemma 4.6]. 

Lemma 5.2. Let q, Q G [0, oo). Suppose that f G H S (R) and supp/ C [1/2,2]. Then 
there exist even functions {fe}^ and a positive constant C , independent of f and I, such 
that for all t G M + , 

(i) /( r = YX=oftA-) on M+ > where fe,A') = M T ') and supp fe tT C [-2V,2V]; 

(ii) for all I > and r G [1, oo), 

roc 

J o iAr(e)i 2 (e^+e 20 )^<c r T- 2ini,i ^>- l 2- 5W ii/ii^ (R) ; (5.26) 

(Hi) for all I > and t G (0, 1), 

POO 

J o \hA0\ 2 (e q +e Q )dt < Cr- 2 ^^- x 2- 2s %ff Hs(m . (5.27) 

Proposition 5.1. Let m satisfy a mixed Mihlin-Hormander condition of order (so,Soo) 
with so > 3/2 and Soo > max{3/2, (n + l)/2}. Then fc m (/\) satisfies (5.21). 

Proof. Let mj be as in (5.16). By (5.17), we obtain that for all x G S and e > 0, 



e<d(x,e)<2e 

E 

{j<=Z:2i/ 2 e>l} 



|*Vn(A)(aO| dp(x) 



e<d(x,e)<2e 



k m J (2^A)( x ) dp(x) 



+ E / 

{jeZ:23/*e<l} Je<d ( X ' e ^ 2e 



^(2-iA)W dp{x) = 1 + J. 



Observe that, by (5.14), K m .^ 2 -j a){ x -> e ) = ■ (2-j A) ( x ) f° r an ^ G 5. From this and 
(5.18), it follows that 



' = E / 



< 



V - 

^ (1 + 23 



{jeZ:2i/ 2 e>l} 



+ 2il 2 eY 



K mj (2-JA){x,e) dp(x) 

K mj(2 - JA) (x,e)\(l + 2^ 2 d(x,e)rdp(x) < 1. 



e<d(z,e)<2e 



To estimate J, for each j G Z, set = m^t 2 ) for all i G M + . Since supp C [1/2, 2], 

we use Lemma 5.1 to decompose each fv\ Hence, there exists a sequence of even functions 
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{ft }?=o such that / (j) ( 2_i/2 -) = TT=o fii-i/A) on R+ and the Fourier transform of each 

2-4/2 i s supported in [— 2 l ~^ 2 , 2 l ~^ 2 ]. For simplicity, in the sequel, we denote f^_ j/2 

by /i^j. Notice that mj(2 _J A) = fv)(2~i/ 2 \J~K). Summarizing all these facts, we obtain 
that for all j G Z, 

~ CO . 

/ & ( 2 -, A) (x) Mx) =Yj k h,,(^)( x ) M x )- (5-28) 

Je<d(x,e)<2e ^ =0 Je<d(a;,e)<2e 



By the support condition of j, we have supp k hi J ( v ^s') C B(e, 2^ 2). By this and Lemma 
5.2(i), the sum in (5.28) reduces to the sum for I satisfying 2 t *~H 2 > e, therefore, 





J = 


£ £ J dl 

{jSZ:2J/ 2 e<l} {£GN:2 f -i/ 2 >e} J e<d ( x 


,e)<2e 


r) 


dp(x) 


Set 


Wi 


= {(j,£): 2>' 2 e<l, 2^/ 2 >e, 


£ > 0, j > 0, 2* _ 


■i/2 


>1} 




w 2 


= {(j,£): 2^ 2 e<l, 2^' 2 > e, 


£ > 0, j > 0, 2* - 


-i/2 


<1} 




w 3 


= = 2*' 2 e<l,2?-V 2 >e, 


* > 0, j < 0, 2 £ " 


-i/2 


>1} 


and 


w 4 


= {(j,£): 2>' 2 e<l, 2^/ 2 >e, 


^ > 0, j < 0, 2 e ~ 


-i/2 


<1} 


Observe that W4 


= 0. Correspondingly, for all A; = 


- 1, 2, 3, we set 







j*= E 



e<d(a:,e)<2e 



Thus, J = ELi J fc- 

If (j,£) G Wi, then j > and hence e < 2^'/2 < 1. By this, (5.22), (5.27) and the 
assumption Sqo > max{3/2, (n + l)/2}, we obtain 



f |fcj(t)IV + t n W 



Ji < E E e(n+1)/2 

j>0 {£eN:2^-j/ 2 >l} 

<EE 2fmaX {3/a ' (w+1)/a} 2— '||/ W k.o.CR, 
i>o^>i/2 

<^ ^ 2 i(max{3/2,(n+l)/2}-s 00 ) 2 - Scx) (£-i/2)|| m || s ^ < 



1 1/2 



m 



J>0£>j/2 

If (£, j) G W 2 , then e G (0, 1). Applying (5.22) and (5.27) yields that when n > 2, 



-21og 2 e , 

■>2< Y. E^ +1,/2 {/ 



l^,i(*)l(i +t n )d* 



1/2 
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-21og 2 e 



oo 



< V Ve (n+1)/2 22 max -t 3 / 2 '( n+1 )/ 2 >2- So ° £ llmll < 

r*J / j / j II IISoo r^j 

when n = 1, by Lemma 5.1(iv), we replace \htj(t)\ 2 (t 2 + i n ) di} 1 / 2 in the above 
estimate by {/q°° \hgj(t)\ 2 t dt} 1 / 2 , and then a similar argument also implies that J2 < 

Now we assume n > 2 and estimate J3. In this case, when e 6 [l,oo), we use (5.23), 
(5.26) and 2^'/ 2 e < 1 to obtain 



j 3 < E E e3/2 / iM*)i 2 (* 2 +n<4 



1/2 



{j<0:2J/ 2 e<l} fcO 



< ^ 2 2^2-^\H\ S0 <\\rn\\ S0 . (5 . 29) 

{j<0:2J/ 2 e<l} ^=0 

When e € (0,1), applying (5.23) and (5.26) yields that 

00 ( roo > 1/2 

j 3 < E E e(n+1)/2 / HM 2 (t 2 +t n )dt\ 

00 

S E E^^IHL^IML- (5-30) 

j=-oo £=0 

If n = 1, Lemma 5.1(iv) implies that we can replace {Jq°° \hij(t)\ 2 (t 2 + t n ) di} 1 / 2 in (5.29) 
and (5.30) with {J °° \hij(t)\ 2 t 2 dt} 1 ^ 2 , and a similar argument also yields J3 < ||m|| so . 

Combining the estimates of Ji through J3 yields J < 1. Prom this and the estimate of 
I, we deduce that k m fM satisfies (5.21), which completes the proof. □ 

Proof of Theorem 5.1. By Proposition 5.1, the L 2 -boundedness of m(A) and the fact that 
the kernel of m(A) satisfies Hormander's condition (4.2), the operator m(A) satisfies all 
the assumptions of Theorem 4.2. Then (m(A))* satisfies the desired properties. □ 
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